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We use the proper time formalism to study a (non-self-interacting) massive Klein-Gordon theory
in the two dimensional de Sitter space. We determine the exact Green’s function of the theory
by solving the DeWitt-Schwinger equation as well as by calculating the operator matrix element.
We point out how the one parameter family of arbitrariness in the Green’s function arises in this
method.
PACS numbers: 04.62.+v,11.10.-z, 03.70.+k
I. INTRODUCTION
Schwinger’s proper time method [1] is a powerful
method in quantum field theory in flat space-time. It
introduces a gauge invariant regularization and leads to
one loop effective actions and Green’s functions (prop-
agators) for field theories quite efficiently even at finite
temperature [2–4]. For example, let us consider the free,
massive Klein-Gordon theory in flat space-time described
by the Lagrangian density
L = 1
2
(
∂µφ∂µφ−m2φ2
)
=
1
2
φĤφ, (1)
where we have integrated by parts and have identified
the operator
Ĥ = − (+m2) ,  = ηµν∂µ∂ν . (2)
The (two point) Green’s function of the theory is given
by
Ĝ =
1
Ĥ
, G(x, x′) = 〈x|Ĝ|x′〉, (3)
which can be written in the integral form
Ĝ = −i
∫ ∞
0
dτ eiτĤ . (4)
Here the “iǫ” prescription is understood in the exponent
for convergence at the upper limit and τ is an auxiliary
variable known as the “proper time”. In fact, we note
that the operator eiτĤ can be thought of as the τ evo-
lution operator (acting on bra states) with the generator
given by Ĥ which can be thought of as the Hamiltonian
for τ -translation so that we can write
K(x, x′; τ) = 〈x, τ |x′, 0〉 = 〈x|eiτĤ |x′〉,
G(x, x′) = −i
∫ ∞
0
dτ 〈x, τ |x′, 0〉 = −i
∫ ∞
0
dτ K(x, x′; τ).
(5)
The function K(x, x′; τ) is known as the heat kernel of
the operator Ĥ as will become clear shortly.
The Green’s function G(x, x′) can be determined by
solving the operator Heisenberg equations as demon-
strated by Schwinger [1] (see also [2]). Here we discuss
an alternate operator method which will be useful for our
purpose. Identifying pˆµ = i∂µ, we can write the Hamil-
tonian in (2) as
Ĥ = pˆ2 −m2. (6)
As a result, introducing a complete momentum basis
states in (5) in D space-time dimensions, the heat kernel
can be written as
K(x, x′; τ) =
∫
dDp 〈x|p〉〈p|eiτĤ |x′〉
= e−iτm
2
∫
dDp
(2π)D
eiτp
2−ip·(x−x′). (7)
This can be trivially integrated to give
K(x, x′; τ) =
(
i
4π
)D
2
τ−
D
2 e−im
2τ− i(x−x′)24τ . (8)
This has the expected behavior, namely, as τ → 0, we
have K(x, x′; τ) → δD(x − x′). This heat kernel can be
integrated over τ (see (5)) with proper (iǫ) regulariza-
tions to give the Feynman Green’s function [5]
G(x− x′) =
(
1
2π
)D
2
(
(im)2
(x− x′)2 − iǫ
)(D−2)
4
×K−D2 +1(im
√
(x − x′)2), (9)
where Kν(z) represents the Bessel function of the second
kind. This result shows that the Green’s function in flat
space-time depends only on the invariant length or the
geodesic distance between the two points.
When the theory is interacting with a gravitational
background, the operator method becomes quite compli-
cated, in general. In this case one uses a variation of
the proper time method known as the DeWitt-Schwinger
method [6–9] which is also known as the heat kernel
method [10–12]. Here we note from (5) that we can write
− i∂τK(x, x′; τ) = H(x)K(x, x′; τ), (10)
2where H(x) denotes the coordinate representation of the
“Hamiltonian” operator Ĥ. This equation is like the
heat equation (or the Schro¨dinger equation) which is why
K(x, x′; τ) is known as the heat kernel. In a general grav-
itational background, the operator H(x) is complicated
so that the heat kernel and, therefore, the Green’s func-
tion cannot be obtained in a closed form. In this case,
there are well known methods to determine the heat ker-
nel as an asymptotic expansion (upto certain order) and
then integrating over τ it is possible to determine an
approximate form of the Green’s function (see, for ex-
ample, [8]). It turns out that the Green’s function in
a general gravitational background depends on both the
coordinates independently and not only on the geodesic
distance between the two points.
One would hope that the proper time method (or the
DeWitt-Schwinger method) would simplify in maximally
symmetric spaces much like in flat space time. With this
in mind, we would like to study this method and deter-
mine the Green’s function for a massive Klein-Gordon
field in de Sitter space (which is maximally symmetric).
Furthermore, the Green’s function, for a massive scalar
field, has been determined from the operator methods
in quantum field theory [7, 13–18] and it is known that
there is a (nonunique) one parameter family of vacua in
de Sitter space leading to a nonunique Green’s function
[17, 18]. Since the proper time method is completely
based on path integrals, it would be interesting to see
how the one parameter ambiguity arises in this method.
For simplicity we will restrict ourselves to de Sitter space
in two dimensions, but the analysis can be trivially gen-
eralized to higher dimensions.
Our discussion is organized as follows. In section II, we
describe the global coordinates for the two dimensional
de Sitter space and introduce the (non self-interacting)
massive Klein-Gordon field theory in this metric back-
ground. The symmetry group of the two dimensional
de Sitter space is the non-compact group SO(2, 1) and
we discuss the coordinate representations for the gener-
ators of this group as well as the representations of this
group in section III. In section IV, we determine the
exact Green’s function of this theory using the DeWitt-
Schwinger method and point out how the one parameter
family of arbitrariness arises in this method. We con-
clude with a brief summary in section V and discuss
the (proper time) operator method of determining the
Green’s function in the appendix.
II. DE SITTER SPACE IN TWO DIMENSIONS
The two dimensional de Sitter space [14, 19–22] can be
embedded in a three dimensional space satisfying
(X0)2 − (X1)2 − (X2)2 = −R2, (11)
where X0, X1, X2 denote the cordinates of the three di-
mensional space and R is a constant which we set to unity
for simplicity (R = 1). We use the Bjorken-Drell metric
which is diagonal with the signatures (+,−,−). The two
dimensional coordinates, (t, θ) of the de Sitter space can
now be defined through the relations
X0 = sinh t,
X1 = cosh t cos θ,
X2 = cosh t sin θ, (12)
where −∞ < t < ∞, 0 ≤ θ ≤ 2π (remember R = 1).
These are known as global coordinates of the two dimen-
sional de Sitter space. The invariant line element can
now be easily determined to be
ds2 = dt2 − cosh2 t dθ2, (13)
leading to
gtt = 1, gθθ = − cosh2 t,
√−g = cosh t. (14)
A (non self-interacting) massive Klein-Gordon theory
in this space is described by the action
S =
∫
d2x
√−gL = 1
2
∫
d2x
√−g (gµν∂µφ∂νφ−m2φ2)
=
1
2
∫
d2x
√−g φĤφ, (15)
where we have integrated by parts and have identified
(see (2))
Ĥ = − (+m2) = − 1√−g∂µ√−ggµν∂ν −m2. (16)
Here we are using the notation xµ = (t, θ) with µ = t, θ.
It is worth pointing out here that the “Hamiltonian”, Ĥ ,
is not Hermitian with respect to the conventional integra-
tion measure
∫
d2x, but is Hermitian with respect to the
integration measure
∫
d2x
√−g. This, in turn, induces
the inner product of the coordinate states to be defined
with a factor of 1√−g (see also, for example, [8]). The D’
Alembertian, in this two dimensional de Sitter space has
the explicit form
 = ∂2t + tanh t ∂t − sech2t ∂2θ . (17)
We can now follow the discussion in (3)-(5) and deter-
mine the Green’s function in terms of the heat kernel.
We will do so by solving the DeWitt-Schwinger equation
(10) in section IV leaving the operator determination to
the appendix. However, let us first discuss the structure
of the symmetry group of the theory in the next section.
III. SO(2, 1) AND ITS REPRESENTATIONS
The maximal symmetry group of the two dimensional
de Sitter space is given by SO(2, 1). This is easily seen
from the fact that the invariant length in (11) remains
unchanged under an arbitrary SO(2, 1) transformation.
3This will reflect in the fact that Ĥ coming from the mas-
sive Klein-Gordon theory will also be SO(2, 1) invariant.
Let us see this explicitly by constructing the infinitesi-
mal generators of SO(2, 1). We note that this is a non-
compact group so that finite dimensional representations
can not be unitary. Therefore, we concentrate only on in-
finite dimensional representations which will be unitary.
Let us look at the coordinate representations of the three
generators of the group which can be written in terms of
the two dimensional de Sitter coordinates (t, θ) as
J1 = i (cos θ ∂t − tanh t sin θ ∂θ) ,
J2 = i (sin θ ∂t + tanh t cos θ ∂θ) ,
J3 = −i∂θ. (18)
The generators can be seen to be Hermitian with respect
to the integration measure
∫
d2x
√−g as pointed out af-
ter eq. (16). It can now be directly checked that they
satisfy the Lie algebra
[J1, J2] = −iJ3,
[J2, J3] = iJ1,
[J3, J1] = iJ2. (19)
This is similar to the Lie algebra of so(3) except for the
sign difference in the first commutator which makes it the
non-compact so(2, 1) Lie algebra. (This algebra is also
isomorphic to su(1, 1).) We note that J3 corresponds to
the generator of rotations in the X1-X2 plane and is,
therefore, a compact generator.
For future use, we note here that if we define
z = i sinh t, (20)
the generators can also be written as
J1 = − 1√
1− z2
(
(1− z2) cos θ ∂z + z sin θ ∂θ
)
,
J2 = − 1√
1− z2
(
(1− z2) sin θ ∂z − z cos θ ∂θ
)
,
J3 = −i∂θ. (21)
The quadartic Casimir of the algebra can now be con-
structed and has the coordinate representation
J2 = J21 + J
2
2 − J23 = −, (22)
where the D’ Alembertian in the de Sitter space is defined
in (17). Since all the generators Ji, i = 1, 2, 3 commute
with the Casimir operator J2, it is clear that all the gen-
erators also commute with Ĥ defined in (16). Therefore,
SO(2, 1) defines the symmetry group of the “Hamilto-
nian” associated with the τ -evolution and the eigenstates
of Ĥ will be described by the angular momentum states
(representations) of SO(2, 1).
Unitary representations of SO(2, 1) are well studied in
the literature [14, 23–29] and we will only summarize the
results here. If we choose to diagonalize the generator J3,
its eigenvalues will take integer values k = 0,±1,±2, · · ·
(in this scalar example) since the θ angle is compact with
a range of 2π. Representations are then completely de-
termined by the eigenvalues ν of the Casimir operator
J2. (Conventionally the eigenvalues of J2 are defined as
−ν(ν + 1) and it is clear that they can take indefinite
values). There are two infinite dimensional discrete se-
ries denoted by D±ν where the eigenvalues k are bounded
from below/above. In this case, ν takes negative inte-
ger values (in this example of a scalar theory) and the
qudratic Casimir has negative semi-definite eigenvalues.
However, the representation of interest to us is known as
the continuous series (also known as the principal series)
where the eigenvalue ν takes a continuum of complex val-
ues ν = − 12+iλ, λ > 0+ such that the quadratic Casimir
operator has a continuum of positive definite eigenvalues.
(There is another representation known as the supple-
mentary series/exceptional series which is not very rele-
vant in the study of physical systems.)
For the continuous/principal series, the normalized
eigenfunctions (spherical harmonics) are given by [25, 29–
33]
Y k− 12+iλ(x) =
Γ(12 − k + iλ)
Γ(iλ)
P k− 12+iλ(t)
eikθ√
2π
, (23)
and satisfy the orthonormality and completeness rela-
tions∫
d2x (Y k− 12+iλ(x))
∗Y k
′
− 12+iλ′(x) = δλλ
′δkk′ ,∫ ∞
0
dλ
∑
k
Y k− 12+iλ(x)(Y
k
− 12+iλ(x
′))∗ = δ2(x− x′). (24)
The completeness relation, in particular, will be very use-
ful in determining the Green’s function in this two dimen-
sional de Sitter space.
IV. DEWITT-SCHWINGER METHOD
In this section, we will determine the exact Green’s
function for the massive Klein-Gordon theory in the two
dimensional de Sitter space using the DeWitt-Schwinger
equation (10) (as well as (5))
− i∂τK(x, x′; τ) = H(x)K(x, x′; τ), (25)
where (see (16)-(17))
H(x) = − (∂2t + tanh t ∂t − sech2t ∂2θ +m2) . (26)
The solution of (25) can be written in the factorizable
form
K(x, x′; τ) = Θk(θ′)F (t, t′) eiτE
eikθ√
2π
, (27)
where E is an arbitrary separation constant, k takes in-
teger values (for the solution to be single valued) and
4F (t, t′) satisfies (Θ(θ′) is a function to be determined)(
∂2t + tanh t ∂t + (E +m
2) +
k2
cosh2 t
)
F (t, t′) = 0.
(28)
If we define a new variable
z = i sinh t, (29)
then (28) can be rewritten as(
d
dz
(1− z2) d
dz
− (E +m2)− k
2
(1 − z2)
)
F (z, z′) = 0.
(30)
This is the equation for the associated Legendre function
P k− 12+iλ
(z) (corresponding to the continuous representa-
tion of SO(2, 1) discussed in the previous section) with
the identification
E +m2 = λ2 +
1
4
,
E = λ2 − s2, s2 = m2 − 1
4
. (31)
Here we assume that m2 > 14 . (The inequality should
really come as (mR)2 > 14 , but we have set R to unity.)
Therefore, the solution of (30) can be written (with some
normalization factor, see (23)) as
F (z, z′) = fE,k(z′)
Γ(12 − k + iλ)
Γ(iλ)
P k− 12+iλ(z), (32)
with E = λ2 − s2 as determined in (31).
As a result, the general solution of the DeWitt-
Schwinger equation (25)-(26) (or the heat kernel) can be
written as
K(x, x′; τ) = 〈x, τ |x′, 0〉
=
∫ ∞
0
dλ
∑
k
fλ,k(z
′)Θk(θ′)Y k− 12+iλ(z, θ)e
iτ(λ2−s2).
(33)
As τ → 0, this should be proportional to the delta func-
tion (in this limit, the heat kernel is simply the inner
product of two coordinate states at τ = 0) and this de-
termines the functions fλ,k(z
′)Θk(θ′) so that we can write
the heat kernel as
K(x, x′; τ) =
∫ ∞
0
dλ
∑
k
Y k− 12+iλ(z, θ)(Y
k
− 12+iλ(z
′, θ′))∗
× eiτ(λ2−s2). (34)
It can be checked now that
K(x, x′; τ) = 〈x, τ |x′, 0〉
τ→0−−−→ δ(z − z′)δ(θ − θ′) = δ
2(x− x′)√−g , (35)
as we would expect (see the discussion after eq. (16) as
well as [8]). Here we have used the completeness relation
of the spherical harmonics given in (24).
The Green’s function can now be obtained (see (5)) by
integrating the heat kernel over τ (with proper iǫ pre-
scription) and leads to
G(x, x′) =
∫ ∞
0
dλ
∑
k
Y k− 12+iλ
(z, θ)(Y k− 12+iλ
(z′, θ′))∗
λ2 − s2 + iǫ ,
(36)
which is easily checked to give the correct spectral repre-
sentation of the Green’s function. Using known gamma
function identities [5, 34]
Γ(x)Γ(1 − x) = π
sinπx
,
Γ(
1
2
+ x)Γ(
1
2
− x) = π
cosπx
, (37)
as well as the well known relation for the associated Leg-
endre functions
P k− 12+iλ(z) =
Γ(12 + k + iλ)
Γ(12 − k + iλ)
P−k− 12+iλ
(z), (38)
we can write
∑
k
Y k− 12+iλ(z, θ)(Y
k
− 12+iλ(z
′, θ′))∗ =
λ
2π
sinhπλ
coshπλ
[
P− 12+iλ(i sinh t)P− 12+iλ(−i sinh t
′)
+ 2
∞∑
k=1
(−1)kP k− 12+iλ(i sinh t)P
−k
− 12+iλ
(−i sinh t′) cos k(θ − θ′)
]
=
λ
2π
sinhπλ
coshπλ
P− 12+iλ(Z). (39)
Here we have identified
Z = sinh t sinh t′ − cosh t cosh t′ cos(θ − θ′), (40)
which corresponds to the negative of the geodesic dis-
5tance between x and x′ and we have also used the addi-
tion theorem [35] for the associated Legendre functions in
the last step in (39). Substituting (39) into (36) and rec-
ognizing that the integrand is an even function of λ, the
contour integral determines the exact Green’s function
to be
G(x, x′) = G(Z) = − i
4
sinhπs
coshπs
P− 12+is(Z). (41)
This can be compared with the results obtained from a
direct analysis of the quantum field theory [17, 18, 36, 37]
and agrees except for the normalization factor 1coshpis
which is really necessary for the correct spectral repre-
sentation of the Green’s function to hold, as also noted
elsewhere [31].
It is clear from the definition of the geodesic distance
in (40) that Z is invariant under the t coordinate redefi-
nitions
t→ t+ iπ, t′ → t′ − iπ, (42)
so that the Green’s function has a periodicity of 2π in
the time argument. This suggests [38] that the Green’s
function in de Sitter space has a thermal character [17,
39, 40] with a temperature 12pi .
The one parameter family [17, 18, 36, 41, 42] of arbi-
trariness in the Green’s function can also be seen in this
derivation as follows. Let us recall that, in the quantum
field theory approach, there is a nonuniqueness in the
choice of the basis functions in which one expands the
field operator. In fact, a general Bogoliubov transforma-
tion of the form (φk(φ
∗
k) are coefficient functions of the
annihilation (creation) operators respectively)(
φk
φ∗k
)
→
(
φ˜k
φ˜∗k
)
= U
(
φk
φ∗k
)
, (43)
where
U =
(
coshα sinhα eiβ
sinhα e−iβ coshα
)
, (44)
with α, β two real parameters of the transformation,
takes us to another set of equivalent basis functions. The
matrices U belong to the group SU(1, 1) and satisfy
Uσ3U
† = σ3, (45)
where σ3 denotes the third Pauli matrix. This
nonuniqueness in the choice of the basis functions leads
to a family of quantum vacua depending, in general, on
two parameters α, β. However, it is well known by now
[18, 36, 43] that when the parameter β 6= 0, the vacua
violate CPT invariance. Therefore, one chooses β = 0
which leads to an one parameter family of vacua and,
therefore, Green’s functions depending on the value of α.
With the choice β = 0, the 2×2 transformation matrix
in (44) becomes real and corresponds to a transformation
matrix belonging to SO(2, 1)
M =
(
coshα sinhα
sinhα coshα
)
, (46)
which satisfies
Mσ3M
T = σ3. (47)
We note that since Ĥ is essentially the Casimir operator
J2 of SO(2, 1) (see, for example, (16) and (22)), it (as well
as the differential equation) is invariant under SO(2, 1)
transformations. The associated Legendre equation in
(30) is a second order equation and, therefore, there are
two linearly independent solutions which can be repre-
sented by P k− 12+iλ
(z) and P k− 12+iλ
(−z). Under a finite
SO(2, 1) transformations, the two linearly independent
solutions transform as(
P k− 12+iλ
(z)
P k− 12+iλ
(−z)
)
→
(
coshα sinhα
sinhα coshα
)(
P k− 12+iλ
(z)
P k− 12+iλ
(−z)
)
.
(48)
In other words, under such a rotation
P k− 12+iλ(z)→ coshαP
k
− 12+iλ(z) + sinhαP
k
− 12+iλ(−z).
(49)
Using these as the new (rotated) solutions in (32), we can
calculate the Green’s function as discussed in (36)-(39)
which leads to
G(x, x′) = G(Z)→ − i
4
tanhπs
×
(
cosh 2αP− 12+is(Z) + sinh 2αP− 12+is(−Z)
)
= cosh 2αG(Z) + sinh 2αG(−Z). (50)
This leads to the well known one parameter family of
arbitrariness in the Green’s function in the proper time
method.
V. CONCLUSION
In this paper we have extended the proper time method
to de Sitter space. In particular, we have calculated the
Green’s function for the (non self-interacting) massive
scalar field in two dimensional de Sitter space both by
solving the DeWitt-Schwinger equation as well as by di-
rectly calculating the matrix element of the “Hamilto-
nian” operator (see the appendix). This matches with the
results derived earlier by studying the scalar field theory
in de Sitter space except for an overall normalization con-
stant which is necessary for the spectral representation
of the Green’s function to hold. We have pointed out the
periodicity in the Green’s function as well as how the one
parameter family of arbitrariness arises in this method.
To conclude, we note that, although our calculation
was done in two dimensional de Sitter space for simplic-
ity, the method generalizes to any higher dimensional de
Sitter space in a natural manner. Let us discuss this
briefly without going into technical details. The first
thing to note is that in a d-dimensional de Sitter space the
D’ Alembertian continues to be given (up to a possible
6sign) by the quadratic Casimir operator, J2, of SO(d, 1)
(see, for example, (22)). Furthermore, in the global co-
ordinates, one can write the D’ Alembertian explicitly
as
 =
∂2
∂t2
+ (d− 1) tanh t ∂
∂t
+
L2
cosh2 t
, (51)
where L2 denotes the quadratic Casimir operator of
SO(d− 1) and depends only on the (d− 1) angular vari-
ables. Namely, L2 corresponds to the angular part of
the D’ Aembertian (see, for example, (17) and we point
out that the generators of angular momentum are defined
with a factor of i). L2 satisfies the eigenvalue equation
L2Y (Ω) = ℓ(ℓ+ d− 2)Y (Ω), (52)
where ℓ denotes the eigenvalues of the angular momen-
tum operator, Y the spherical harmonics and Ω denotes
collectively the (d− 1) angular coordinates.
Thus, the Klein-Gordon equation or the DeWitt-
Schwinger equation will be separable as discussed in sec-
tion IV. For example, we can write a solution of the free
massive Klein-Gordon equation in the separable form
φ(x) = φ(t)Y (Ω), (53)
where the function φ(t) satisfies the equation(
d2
dt2
+ (d− 1) tanh t d
dt
+m2 +
ℓ(ℓ+ d− 2)
cosh2 t
)
φ(t) = 0.
(54)
Redefining the variable as well as the function as [44]
z = i sinh t, φ(z) = (1− z2) 2−d4 f(z), (55)
equation (54) takes the form
d
dz
(1−z2)df(z)
dz
−
[
m2 − d(d− 2)
4
+
(2ℓ+ d− 2)2
4(1− z2)
]
f(z) = 0,
(56)
which corresponds to the associated Legendre equation.
The associated Legendre functions solving this equation
are given by Pµν (z) where
ν = −1
2
± i
√
m2 − (d− 1)
2
4
,
µ =
1
2
(2ℓ+ d− 2) . (57)
The DeWitt-Schwinger analysis of section IV can now
be carried out systematically.
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Appendix A: Green’s function from an operator
method
In the main text, we have determined the Green’s func-
tion for the massive Klein-Gordon theory in two dimen-
sional de Sitter space by solving the DeWitt-Schwinger
equation. Here we will briefly indicate how this can also
be derived directly from the operator method discussed
in (7)-(9). Let us recall from (16) and (22) that in this
case we can write
Ĥ = (J2 −m2). (A1)
Therefore, we see from (5) that we can write
K(x, x′; τ) = 〈x|eiτ(J2−m2)|x′〉. (A2)
Since the operator in the exponent is the quadratic
Casimir of the group SO(2, 1), we can easily calculate its
matrix element by inserting a complete basis of the an-
gular momentum states in (A2). Furthermore, following
the discussion of the relevant representation of SO(2, 1)
in this case, we obtain
K(x, x′; τ) =
∫ ∞
0
dλ
∑
k
〈x|− 1
2
+iλ, k〉〈−1
2
+iλ, k|eiτ(J2−m2)|x′〉 =
∫ ∞
0
dλ
∑
k
Y k− 12+iλ(z, θ)(Y
k
− 12+iλ(z
′, θ′))∗eiτ(λ
2−s2),
(A3)
where s is defined in (31) and
〈x| − 1
2
+ iλ, k〉 = Y k− 12+iλ(z, θ), (A4)
denote the normalized spherical harmonics defined ear-
lier. Expression (A3) can be compared with the heat
kernel determined earlier in (34) and the Green’s func-
tion can now be derived completely parallel to the steps
discussed in section IV.
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